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MORE ON GALOIS COHOMOLOGY, DEFINABILITY
AND DIFFERENTIAL ALGEBRAIC GROUPS

OMAR LEON SANCHEZ, DAVID MERETZKY, AND ANAND PILLAY

ABSTRACT. As a continuation of the work of the third author in [5], we make
further observations on the features of Galois cohomology in the general model
theoretic context. We make explicit the connection between forms of definable
groups and first cohomology sets with coefficients in a suitable automorphism
group. We then use a method of twisting cohomology (inspired by Serre’s alge-
braic twisting) to describe arbitrary fibres in cohomology sequences — yielding
a useful “finiteness” result on cohomology sets.

Applied to the special case of differential fields and Kolchin’s constrained
cohomology, we complete results from [3] by proving that the first constrained
cohomology set of a differential algebraic group over a bounded, differentially
large, field is countable.

1. INTRODUCTION

As in the third author’s paper [5], which develops some basic features of definable
cohomology, in this note we are mainly concerned with translations from the Galois
cohomological language to the model-theoretic language of definable sets and atomic
extensions. Nonetheless, the general statements here do yield new results in the
differential cohomology context; that is, when specialized to Kolchin’s constrained
cohomology, see Example 1.3(ii), Remark 4.5(iii), and §5.

We work in the (general) model-theoretic context of [5, §2]; namely:

Assumption 1.1. We fiz a (first-order) structure M and an arbitrary subset A
such that

(i) M is atomic over A, meaning that for every (finite) tuple a from M the
type tp(a/A) is isolated,
(ii) for any (finite) tuples a and b from M, if tp(a/A) = tp(b/A), then there is
o € Aut(M/A) such that o(a) = b, and
(iii) the theory of M eliminates imaginaries (alternatively one could work in
Meq).

We remark that if (i) and (ii) hold for real tuples then they hold for all of M¢9.

Notation and conventions. Throughout we let G denote the automorphism
group Aut(M/A). We also let G be an arbitrary (not necessarily abelian) group
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definable in M with parameters from A. Note that G acts naturally on G by group
automorphisms. We make G into a topological group by taking

{Fix(a) : a is a finite tuple from M}

as open neighbourhoods at the identity. We further equip G with its discrete
topology, thus making the natural action of G on G continuous.

We briefly recall the basic notions (and some results) on definable cohomology
from [5]. By a (1-)cocycle of G with values in G (with respect to the natural action
of G on G) we mean a crossed-homomorphism from G to G; namely, a map

d:G—-G

such that
D(oy1 - 03) = ®(01) - 01(P(02)).

A cocycle @ is said to be definable if there is a (finite) tuple a from M and an
A-definable (partial) function h(zx,y) such that for any o € G we have

®(0) = h(a,o(a)).

One readily checks that definable cocycles are continuous. The set of definable
cocycles (from G to G) is denoted by Z} (G, G). Two cocycles ® and ¥ are said
to be cohomologous if there is b € G such that

U(o)=b"' ®(0) o), foraloecg.

The relation of two cocycles being cohomologous is an equivalence relation on
Zéef(g ,G). The equivalence classes are called cohomology classes. The equiva-
lence class of the trivial cocycle (the one that maps each o € G to the identity of G)
is denoted by BJ (G, G) and its elements are called definable (1-)coboundaries from
G to G. The set of all equivalence classes is called the 1st definable cohomology set
of G with coefficients in G (over A), and is denoted by H} (G, G).

Remark 1.2. (1) When M = dcl(A) the cohomology H} ;(G,G) is trivial.

(2) In general, the first cohomology set H1 (G, @) has the structure of a pointed
set with distinguished element being B}.;(G,G). When G is abelian, the
set of definable cocyles Z! :(G,G) has a natural structure of an abelian
group (by point-wise multiplication) with B} ;(G, G) a subgroup; and thus,
in this case, Hi (G, G) inherits a group structure given by the factor group
23,4(9.G)/Bly(0.0).

Example 1.3.

(i) Algebraic Galois cohomology. In the case when A = k is a perfect field
and M = k*2 is the field-theoretic algebraic closure of A, the group G
is simply the k*#-rational points of an algebraic group over k and, by [5,
Lemma 2.6], we are in the classical situation of (algebraic) Galois cohomol-
ogy. More precisely, the definable cohomology HJ (G, G) agrees with the
Galois cohomology over k with coefficients in G usually denoted H'(k, Q).
Most of our statements are inspired from well known results in this context,
see for instance [8] or [11].



MORE ON GALOIS COHOMOLOGY, DEFINABILITY AND DAGS 3

(ii) Differential constrained cohomology. In the case when A is a differential
field of characteristic zero in finitely many commuting derivations (k, A)
and M is a differential closure (k4 A), by [6], the definable group G is
simply the k9f-rational points of a differential algebraic group over k. Also,
by [5, §3], the definable cohomology H} :(G,G) coincides with Kolchin’s
constrained cohomology HA (k, G) from [2, Chapter VII]. It is worth noting
that, while the results of the current paper are well known in classical
Galois cohomology, they are as a matter of fact novel in the context of
differential constrained cohomology (they do not appear in [2] or elsewhere
to the authors’ knowledge).

We recall that an A-definable (right) principal homogeneous space for G is an A-
definable set X together with an A-definable regular (also called strictly transitive)
right G-action. Two such spaces are said to be A-definably isomorphic if there
is an A-definable bijection preserving the G-actions. The collection of A-definable
principal homogeneous spaces, up to A-definable isomorphism, is a pointed set (with
G as distinguished element) denoted by Pyet(G). The main result of [5] establishes
that as pointed sets Paer(G) and Hi (G, G) are naturally isomorphic.

Let Autqer(G) denote the (abstract) group of M-definable group automorphisms
of G. In section 4 of [5], Hi (G, Autaer(G)) is defined and an argument is sketched
showing that this pointed set classifies A-forms of G (definition following Remark
2.1) up to A-definable isomorphism. Section 2 of this paper is devoted to a full
proof of this result, which is then used in Section 4.

Then, in Section 3, we are explicit on the construction of exact sequences in
definable cohomology from (normal) short exact sequences for G. We further discuss
the method of twisting definable cohomology by inner automorphisms, in the spirit
of Serre’s algebraic twisting (cf. [11, Chapter I, §5.3] and [12]), and utilise it to
describe arbitrary fibres of the maps in the (original) cohomology sequence. Recall
that our cohomologies are just pointed sets, not necessarily groups, thus the kernel
of a morphism does not give us information about the other fibres.

In Section 4, we put together the aforementioned results to show that if NV is a
normal A-definable subgroup of G and p € H} ;(G,G), then there is a surjection
from H}.;(G,N,), where N, is the A-form of N corresponding to the cohomology
class in HJ (G, Autaer(N)) induced by conjugation of N by u, to the fibre

Pp) = (7") (7 ()

where 7! 1 H} :(G,G) — H}.;(G,G/N) is the induced morphism (of pointed sets)
from the canonical projection 7 : G — G/N. As an application/corollary, we prove
that if Haer(G, G/N) is finite and H} (G, N,,) is also finite, for all u € H} (G, Q),
then Hl.;(G, Q) is finite as well.

The corollary above, in the special case of Example 1.3 (ii) above, is used in [3,
Lemma 2.6]. A sketch of the argument is pointed out there, in the differential case,
with details left to the reader. One of the points of the current paper is to give a
detailed account in the more general model theoretic environment. In fact, as we
point out in Section 5, one obtains also that if Hger(G,G/N) has cardinality < s
and H} (G, N,) has cardinality < k, for all u € H} (G, G), then H} (G, G) has
cardinality < k too. In Section 5, we apply this back in the differential context
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to prove the countability of H) (k,G) whenever k is a bounded, differentially large
field, and G is an arbitrary differential algebraic group over k.

2. DEFINABLE COHOMOLOGY AND A-FORMS OF G

We carry on the notation and assumptions from the previous section; in partic-
ular, those on M, A, G and G. We let Autger(G) denote the set of definable (with
parameters in M) group automorphisms of G. Note that this is a group — with re-
spect to composition. Also note that the automorphism group G acts naturally on
Autger(G); namely, if o € G and ¢ € Autger(G), then o(¢) is obtained by applying
o to the graph of ¢ (a definable set), which yields another definable automorphism
of G. Furthermore, one readily checks that for ¢, ¢a € Autges(G) we have

(2.1) o(¢1-¢2) = a(¢1) - o(h2).

In other words, the action of G in Autges(G) is by group automorphisms. Further-
more, equipping Autges(G) with its discrete topology, elimination of imaginaries
implies that this action is continuous.

Using the action of G on Autget(G), we define a (1-)cocycle from G to Autges(G)
to be a map
d . g — Autdef(G)
such that
O(oy1 - 03) = P(01) - 01(P(02)).
The trivial group homomorphism from G to Autqes(G) is a cocycle, called the trivial

cocycle. Two cocycles ® and ¥ from G to Autqes(G) are said to be cohomologous
if there exist ¢ € Autqer(G) such that

V(o) =¢ ' -®(0)-0(¢p) forallocg.

Being cohomologous is an equivalence relation: transitivity follows by (2.1). We say
that the cocycle @ is definable if if there exists a tuple a from M and an A-definable
(partial) function h(z,y, z) such that

®(0)(—) =h(a,o(a),—) foralloceg.

We note that the trivial cocycle is definable, and if ® is a cocycle that is cohomol-
ogous to a definable cocycle then ® is itself definable. Furthermore, one readily
verifies that definable cocycles are continuous. The set of definable cocycles is de-
noted by ZJ;(G, Autaet(G)). The set of cohomology classes of Z} (G, Autget(G))
(under the equivalence relation of being cohomologous) is the 1st definable coho-
mology of G with coefficients in Autgef(G) and is denoted by HJ (G, Autaer(G)).

Remark 2.1. As in the case of the definable cohomology H}.;(G, G), the cohomology
H} (G, Autqer(G)) has the structure of a pointed set, with the cohomology class of
the trivial cocyle (also called the set of coboundaries from G to Autqes(G)) being the
distinguished element. Further, in the case when the group Autges(G) is abelian,
Hj (G, Autqer(G)) has the structure of an abelian group. This follows from the
fact that, in this case, the natural (commutative) group structure on the set of
maps from G to Autges(G) given by

\1/1 *\111(0') = \111(0) . \I/Q(O')

restricts to a (commutative) group structure on def(g , Autger (G)).
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By an A-form of G we mean an A-definable group H which is definably (over M)
isomorphic to G. Let H be an A-form of G. Note that, for any definable (group)
isomorphism f : G — H and o € G, the map o(f) : G — H is again a definable
isomorphism. Thus, we have a well-defined map ®p,f : G — Autqes(G) given by

Cp,p(0) =~ oa(f)

Furthermore, ®p 7 is a definable cocycle. It is clearly definable and

Oy p(01-02) = [ oo1(0a(f))
_f 1OUl(f of” 1002(f))
OUl(f)OO’l( 1002(f))
—‘be(Ul) 1(®a,r(02))

Now, if g : G — H is another definable isomorphism, then ®g ; and ®p 4 are
cohomologous. Indeed,

Dpg(o) =(f""g) " Puslo)a(f g).

More generally, if N is another A-form of G which is (group) definably isomorphic to
H over A, say witnessed by n: N — H, and p : G — N is a definable isomorphism,
then ®f y and ®p , are cohomologous. Indeed

Py ,p(0) = (f""np) " @ur(0)a(f D).

Let Faet(G) denote the set of A-forms of G up to A-definable isomorphism. The
above discussion yields a well-defined map

Faet(G) = Hioe(G, Autaes(G))

given by mapping (H, f) to the cohomology class of ®p ¢, where H an A-form of G
and f : G — H a definable (over M) isomorphism. We now show that the displayed
map is an isomorphism of pointed sets. The distinguished element in Fqc£(G) being
G. Clearly, ®¢ 14 is the trivial cocycle from G to Autges(G), hence (G,Id) maps
to the cohomology class of the trivial cocycle (i.e., the set of coboundaries). The
remaining of this section is devoted to showing that this map is a bijection.

Remark 2.2. Tt follows from our assumptions (see Assumptions 1.1) that a definable
set X is A-definable if and only X is fixed setwise by any element of G. We will
use this to show injectivity of the above map.

Let us show injectivity of Faet(G) — H} (G, Autaet(G)). Take (H, f) and (N, p)
where H and N are A-forms of G and f: G — H and p : G — N are definable iso-
morphisms. Assume @ s is cohomologous to @y, then there exists ¢ € Autges(G)
such that for all 0 € G

Oy p(0) = ¢ @ p(0) 3(9).
In other words,
p~la(p) =67 T a(f)o(9),
rearranging we get
fop~t =o(fop™")
It follows, see Remark 2.2, that the isomorphism f¢p~! : N — H is A-definable.
Thus N and H are identified in §qef(G), showing the map is indeed injective.
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We now show surjectivity. Let ® € Z} (G, Autaer(G)). Then there is tuple
a from M and an A-definable (partial) function h(z,y,z) such that ®(o)(—) =
h(a,o(a),—) for all o € G.

Lemma 2.3. Let a and h be as above. For any b,c,d tuples from M realising
tp(a/A) we have that h(b,c,—) € Autqer(G). Furthermore,

h(b,c,—) = h(b,d, h(d,c,—)).
It follows that h(b,b,—) = Idg and h(b,c,—)~1 = h(e,b, —).
Proof. Let o,7,1m € G be such that
o(a) =b, otn(a) =c¢ and o7(a) =d.

Then

|
Q
KA
—
\]
—
\]
—~ —
KA
—
3
=
=
=
—~
L

All of the remaining properties follow from this, e.g. h(b,c,—) € Autqer(G) as
h(b,c,—) = h(b,a,h(a,c,—)). O

Now let Y be the set of realisations of ¢p(a/A) in M. Then Y is an A-definable
set. Set Z =Y x G. Define a relation R on Z given by

(b,d) R (c,e) < h(b,c,e)=d

It follows, using Lemma 2.3, that R is an equivalence relation (which is of course
A-definable). Let H = Z/R. Then, by elimination of imaginaries, we identify the
quotient H with an A-definable set. We now equip H with a A-definable group
structure. Define, for (b,d), (c,e) € Z,

(b,d) * (c,e) = (b,d - h(b,c,e)) € Z

Using Lemma 2.3, one readily checks that this binary operation * on Z is R-invariant
and thus induces a A-definable binary operation on H that we also denote by .
We show that this is in fact a group structure on H. We prove this by showing that
there is a definable (over M) bijection f between H and G such that the induced
group structure on H is precisely *. Note that this further shows that H is a A-form
of G.

Let f : Z — G be defined by f(b,d) = h(a,b,d). Since h(a,b, —) € Autger(G),
the function f is clearly surjective. Furthermore, again using Lemma 2.3, one checks
that

fla,b,d) = f(a,c,e) <= h(b,c,e)=d <= (b,d)R(c,e).

Thus f induces a definable (over M) bijection from H = Z/R to G, which we also
denote by f. Now, using Lemma 2.3, the induced group structure on H via this



MORE ON GALOIS COHOMOLOGY, DEFINABILITY AND DAGS 7

bijection is

= (b,d) * (c,e).

We have thus shown that (H, %) is a A-form of G (witnessed by f=!: G — H). We
claim that (H, f~!) maps to ® (namely ® = @y ¢-1). Indeed, for any o € G, using
once again Lemma 2.3, we have

‘I)(O')O'(f)(b, d) = h(a7 O'((L), O'(f)(b’ d)) = h’(a7 U(a)7 h(U(a)v b, d)) = h’(a7 b, d) = f(b’ d)
and so

(o) =f-a(f)
this shows that ® = @5 ;-1, as desired.

‘We have thus shown:

Proposition 2.4. There is a natural isomorphism (as pointed sets) between Faer(G)
and H} (G, Autact(G)).

3. EXACT SEQUENCES AND TWISTING IN DEFINABLE COHOMOLOGY

We carry forward the conventions and assumptions on M, A, G and G from
previous sections. Let X be an A-definable set in the structure M. Then G acts
naturally on X. The Oth definable cohomology from G to X, denoted HS (G, X), is
the set of G-invariant points of X. By our assumptions (see Assumptions 1.1), this
coincides with the points of X whose entries are all in dcl(A). In the case when X
has in addition the structure of an A-definable pointed set (i.e., has a distinguished
point which is G-invariant and thus in dcl(A)), then HS (G, X) inherits the struc-
ture of a pointed set sharing its distinguished element with X. Furthermore, when
X = G (an A-definable group), the Oth definable cohomology H{ (G, G) is clearly
a subgroup of G.

Now consider an A-definable map f : X — X’ of A-definable sets. Since f
preserves G-invariants, it induces a map in cohomology

fo : ngf(gaX) - ngf(gaX/>'

In the case that X and X' have in addition the structure of A-definable pointed sets
(the distinguished elements being G-invariant) and f is a homomorphism of pointed
sets (i.e., maps the distinguished element of X to that of X’), the above map f°
is a homomorphism of pointed sets. Furthermore, when X = G and X' = G’ are
A-definable groups and f is a group homomorphism, the map

fO : ngf(g’ G) - ngf(g7 G/)
is a group homomorphism.
Recall, from the introduction, that Z}(G,G) and H} (G, G) denote the sets

of definable cocycles and cohomology from G to G, respectively. Let f : G — G’
be an A-definable group homomorphism (between the A-definable groups G and
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G'). For any definable 1-cocycle ® € Z} (G, G), the composition fo® : G — G’ is
again a definable 1-cocycle. Furthermore, if ¥ is cohomologous to ®, then f o ® is
cohomologous to f o ¥ as elements of Z} (G, G’). Indeed, suppose b € G is such
that ®(o) = b~1W¥(0)o(b) for all o € G, then one easily verifies

(fo®)(a) = (f(b))~" (f o V) (o) a(f(D))-

Thus, the asssigment ¥ — (f o ®) defines a map from Z} (G, G) to Z1,(G,G)
that induces a map in cohomology

fl : H&cf(gv G) - H(jicf(g7 G/)

Moreover, f! is a morphism of pointed sets (meaning it preserves distinguished
elements), and when G and G’ are abelian then it is a group homomorphism.

3.1. Exact sequence in cohomology. We now fix an arbitrary (not necessarily
normal) A-definable subgroup N of G. This yields the natural short exact sequence
of A-definable pointed sets

(3.1) 1-N5G5G/N — 1.

Note that, since N is not necessarily normal in G, the left-coset space G/N is not
necessarily a group. It is however an A-definable (left) homogeneous space for G
(i.e., G/N is an A-definable set equipped with an A-definable transitive left G-
action — in this case the natural G-action on the left). While the inclusion map ¢
is a group homomorphism, the projection map m is generally just a morphism of
A-definable homogenous G-spaces. Furthermore, G/N has a natural structure of
an A-definable pointed set, with distinguished element being the coset NV, and so m
is also a homomorphism of A-definable pointed sets. When N is normal in G, the
above sequence is a normal short exact sequence of A-definable groups.

Let a € H3;(G,G/N), here we think of G/N as a pointed set and so the Oth
cohomology (which the same as the G-invariants of G/N) is also a pointed set as
explained above. Then, a is of the form m(b) for some b € G. For any o0 € G we
have

m(o(b)) = o(n(b)) = o(a) = a = 7(b)
and so b~1-o(b) € N. Thus the assignment o + b~ - o (b) defines a map from G to
N. Moreover, this map clearly belongs to Z} (G, N); and if &’ is another element
of G with 7(b') = a, then ' = bc for some ¢ € N and hence

(be)™t o (be) = 7LD - (D))o (c).

This shows that the assignment o +— (b')~! - (V') is cohomologous to the previous
one. Therefore, the cohomology class of this assignment is uniquely determined by
a, and this class is denoted by d(a) € H} (G, N). We have now a morphism

0 H((i)ef(ga G/N) — H(}ef(ga N)
of pointed sets (and of groups when G is abelian) called the connecting homomor-

phism.

We are now in the position to state (and prove) how exactness transfers when
passing to the sequence in cohomology.
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Theorem 3.1. Suppose N is an A-definable subgroup of G (not necessarily nor-
mal). Then, the sequence in cohomology induced from (3.1)

1 — ngf<ga N) L_> ngf(ga G) L> ngf(ga G/N) i H&ef(g7 N) L_> H&ef(g7 G)

is exact (as a sequence of pointed sets). Furthermore, if N is normal in G, then
the sequence remains exact when extended by

H}(G,G) = Hip(G,G/N).

Proof. 1t is easy to check that the sequence is exact at H}.;(G, N) and at H} (G, G).
We now prove it is exact at H} (G, G/N). Let a € H} ;(G,G/N) and b € G such
that 7(b) = a. Then, 6(a) =1 if and only if there is ¢ € N such that

b lo(b) =cto(c), foralloeg;

that is, be™! € H3;(G,G). Thus, 6(a) = 1 if and only there is d € H{;(G, G) such
that 7%(d) = a.

We now check the sequence in exact at H} (G, N). Let n € H};(G,N) and ®
a cocycle in Z} (G, N) with cohomology class n. Then, ¢*(n) = 1 if and only there
is b € G such that ®(c) = b~1o(b) for all o € G. The latter implies

(b))~ o (n(b) = m(b o (b)) = 7(P(0)) =1

and so m(b) € HY;(G,G/N). Clearly, 6(m(b)) = 7, and exactness at H};(G,N)
follows.

Finally, assuming N is normal in G, we check exactness at H} :(G,G). Let
® € Z};(G,N). Then, since im(t) = ker(r), we get that m oo ® is the trivial
cocycle from G to G/N. It follows that im(:') C ker(m!). Now, let ¥ € Z} (G, G)
be such that 7 o ¥ is a coboundary from G to G/N. This means that there is
d € G/N such that

m(U(0)) =d ' o(d), foralloeg.
Let a € G such that 7(a) = d. Then we can rearrange the above to
m(a-¥(o) -o(a)™!)=1.

Since ¢ is injective and im(:) = ker(w), there is a unique ¢ € N such that ¢(c) =
a- V(o) -o(a)™t. If weset A: G — N to be A(c) = ¢ where ¢ is the unique
¢ just found, then one can readily check that A is a definable cocycle from G to
N. Moreover, ¢ o A is cohomologous to ¥ as witnessed by a € G. This proves
ker(ml) Cim(i1), as desired. O

3.2. Twisting definable cohomology. Recall that when G is abelian, the coho-
mology sequence in Theorem 3.1 is an exact sequence of groups and group homo-
morphism, and so fibres are just translates of the kernels. However, in the general
situation (when G is not necessarily abelian), the exact sequence is just a sequence
of pointed sets and thus carry less information than in the abelian case. Indeed,
the kernel of a morphism of pointed sets does not generally yield any information
about the other fibres.

As in algebraic Galois cohomology [8, §1.3], this can be overcome using a method
introduced by Serre [12, §1.5] called twisting. We now discuss how a special case
(which suffices for our purposes) of this method transfers to our general definable



10 OMAR LEON SANCHEZ7 DAVID MERETZKY, AND ANAND PILLAY

model-theoretic context. Let ® € Z} (G, G) and define a new (twisted) action of
G on G by
g% g =Ca)(o(9)) ( =2(0)a(g)®(o)™" )

where, for any h € G, Cj, : G — G denotes conjugation by h; namely, Cy(g) =
hgh™! for all ¢ € G. We call this the induced action of G on G twisted via
conjugation by ®. When clarity is needed we denote this action by saying that
Gs acts on GG. One readily checks that this is indeed a group action and in fact Gg
acts on G by group automorphisms. Furthermore, since ® : G — G is continuous,
this action is continuous.

With respect to this (non-natural) action of Go on G, we can define the notion
of definable (1-)cocycles, denoted Z} (G, G), as those maps ¥ : G — G such that

U(o102) = ¥(o1) - 01 % (¥(02)).

As before, such cocycle is said to be definable if there is tuple a from M and an
A-definable function h(z,y) such that

U(o) = h(a,o(a)), foralloceG.

We remark that definable cocycles from Gg to G are continuous. See [5] for more
discussion of continuity and definability of cocycles. Two cocycles ¥ and A in
Z}+(Go, G) are cohomologous if there is b € G such that

U(o)=b"'-Ao)-(0%b), foralloecg.

This again yields an equivalence relation. The set of equivalence classes is the 1st
definable cohomology set H} ;(Ga,G) twisted by ®. This has a natural structure
of a pointed set.

Remark 3.2. Note that when G is abelian the twisted action of Gg on G is just
the natural action of G on G and so the cohomologies H} (G, G) and H} (G, G)
coincide.

As with the Oth definable cohomology set HS (G, G), the Oth definable twisted
cohomology HY.;(Gs, G) is defined as the set of Ge-invariant points of G, which is
a subgroup of G (as G acts on G by group automorphisms).

Now let N be an A-definable normal subgroup of G. We can then restrict
the action of Gg on G to N (since N is normal in G). This yields a continu-
ous (twisted) action by group automorphisms of G on N. In a similar way as
above, we can construct the sets of twisted definable cocycles and cohomology
Z}+(Go, N) and H} ;(Ga, N), respectively. Furthermore, letting 7 : G — G/N be
the natural projection, we can twist the natural action of G on G/N by the cocy-
cle mo® € Z};(G,G/N). Then one can construct the twisted definable cocycles
and cohomology sets Z} :(G.¢,G/N) and H} ;(Gs,G/N). For convenience, and
it should not cause confusion, we denote G,¢ (acting on G/N) simply by G¢ and
the set of definable cocycles and cohomology by Z};(Gs, G/N) and H} ;(Gs,G/N)

Consider the natural short exact sequence of A-definable groups (recall that we
are assuming that N is normal in G)

1-N5G5G/N - 1.

With the respect to the above twisted actions of Gg on N, G and G/N, one readily
checks that for o € G, n € N, and g € G we have

oxn)=0cx(n) and w(ox*g)=0=xn(g).
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It follows from these equalities, exactly as we did in the previous sub-section, that
we can induce morphisms of pointed sets in cohomology

L’fb : Héef(g@’ N) - Héef(g‘i’ G) and 71'&, : Héef(g‘b’ G) - Hé:ef(gq’7 G/N)
for i = 0,1. Furthermore, we get a connecting morphism (or pointed sets)
5<I> : Ho(g¢‘7 G/N) - Hécf(gd)v N)a

and obtain, by adapting the argument in the proof of Theorem 3.1, the (twisted)
exact sequence

‘e 5
1= Her(Go, N) = Hget(Ga, G) = Hget(Ga, G/N)

Ll ﬂ'l
% Hier, (Go, N) 5 Hioy(Go, G) ™ Hiy(Ga, G/N).
of pointed sets.

While one is not generally able to multiply cocycles in Z}(G,G), unless G
is abelian say, by going to the twisted context this is possible. We make this
precise in the following result which also shows how the cohomologies H} (G, G)
and H} ;(Gs,G) are related (in fact in bijection).

Proposition 3.3. Let fo : Z}:(Go,G) — Z3:(G, G) be the map defined by fo(¥) =
U-&; namely, foro € G, fo(V)(0) = V(o) -®(c). Then, fo is a bijection. Further-
more, it induces a bijection in cohomology Fo : H} ;(Gs,G) — H}:(G,G) which
maps the distinguished element to the cohomology class of ®.

Proof. We first prove that indeed fo(¥) € Z1;(G, G) for every ¥ € Z} ;(Gs,G).
Indeed, it is clearly definable (since ® and ¥ are definable) and for 01,00 € G
we have

fo(U)(o102) = U(0103) - P(0102)
=U(01) - 01 % (¥(02)) - B(01) - 01(P(02))
=U(01) - ®(01) - 01(¥(02)) - ®(01) "
= fo(¥)(01) - 01(fa(¥)(02)).
One easily checks that fg has inverse qul : 234G, G) = Z1 +(Go, G) given by
f3 (M) (o) = A(0) - (P(0) "

Now, to pass to cohomology, let ¥, A € Z] ;(Gs,G) be cohomologous witnessed by
b € G; namely,

Ao)=b"1-TU(o)-oxb, foralloeg.
Multiplying on the right by ®(o) we get that
fa(A)(o) = Ao) - @(0)
=b1 - U(o) - oxb-B(0)
=01 U(o) - B(0) - a(b) (o)~ - (o)
=b"'" fo(T)(0) - o(b).

Thus, fe(A) and fe(V) are cohomologous as elements in ZJ (G, G), and so fo
induces a well defined map Fg : Hi;(Go,G) — H}:(G,G). Let 1 be the trivial
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cocycle in Z} ;(Ga,G), then, by definition, Fp maps the distinguished element of
H}.:(Gs,G) to the cohomology class of

fa(1) =@,

as desired. Finally, one can similarly check that the inverse function fg ! induces a
well defined map in cohomology

Fg': Hiet(9,G) = Hit(Ga, G)
which an easy computation shows that it is in fact the inverse for F. O
Let ¥ € Z! ;(Gs,G) and 0 € G. As m: G — G/N is a homomorphism, we have
fra(mo W) (o) =moW(o) 7o P(0)
— 7(¥(0) - B(0))
=mo f3(V)(0)
which shows that the following diagram commutes:

Z4i(Ga, G) 254 21 (Ga, G/N)

| [

74:(6,6) =5 71 (6,G/N)

This induces a commutative diagram in cohomology

H}.+(Ga, G) —=— H1(Ga,G/N)

r| [

71_1
Hi((G,G) —— Hi(9,G/N)
which, together with Proposition 3.3 applied to fe and fre, shows that the bijection
Fy : H&ef(g‘ba G) — H(}ef(g7 G)

restricts to a bijection between the kernel of 7}, and the fibre (71)~!(7w!(u)) where
1 is the cohomology class of ®. Thus, we have proved the following.

Corollary 3.4. With the above notation and p denoting the cohomology class of
®, there is a natural bijection between ker(nk) and the fibre

Pw) = ()~ (7 ().
This demonstrates how, using the method of twisting, one can describe the fibres

of ! in the original (non-twisted) cohomology sequence.

Remark 3.5. We note that if ¥ is a cocycle in Z} ;(G, G) which is cohomologous to
®, witnessed by b € G (i.e., ®(c) = b=1U(c)o (b)), then the inner automorphism of
G given by conjugation C} : G — G commutes with the twisted actions of G and
Gy on G. More precisely,

Cy(ocxe g) =0 xgy Cy(g), foralloe G, geq.
Let E € Z};(Go,G), we claim C, 0 E € Z} ;(Gy,G). Let 0,7 € G,
CyoZ(oT) = Cp(E(0) - 0 % E(T))
= Cy(E(0)) - Cb(0 *e E(1))
= Cy(E(0)) - 0 xw Cp(E(7))
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Cp o 2 is clearly a definable cocycle. It is straightforward to see that there are
natural isomorphisms of pointed sets

Cb o—: Z&ef(g‘ba G) — Z&ef(g‘l’a G) and H(iief(g‘ba G) — H(iief(g‘lfv G)

for i = 0,1. Thus, for any u € H} (G, G), we may and will denote by Z3.(G,,G)
and HY (G,,G) the set of definable cocycles Z} (Gs,G) and cohomology sets
Hi(Gs,G) for i = 0,1, respectively, with ® any definable cocycle having co-
homology class p. Similar observations apply to Zj.;(G,, N) and H}.;(G,, N), and
to Z3;(Gu, G/N) and H} (G, G/N), where N is an A-definable normal subgroup
of G.

4. FURTHER REMARKS ON FIBRES AND A FINITENESS RESULT

We fix, throughout this section, an A-definable normal subgroup N of G. Let
p € H}:(G,G). In this section we deploy the results from the previous two sec-
tions to establish an isomorphism of pointed sets between the twisted cohomology
H}.:(G,,N) (see Remark 3.5) and the non-twisted H} (G, N,) where N, is the
natural A-form of N corresponding to p (see details below). We then conclude
with a finiteness result in definable cohomology.

But first we note an easy consequence of Corollary 3.4. Consider, once again,
the short exact sequence of A-definable groups

1-N5GDG/N — 1.

For p € H)4(G,G), we let

Pp) = (71) 7 (7' ()

denote the fibre of 7! : H} ;(G,G) — H1(G,G/N) above m'(u). Then, B(u) has
the structure of a pointed set by specifying p as its distinguished element. In the
next statement we use the notation discussed in Remark 3.5.

Lemma 4.1. For each p € H} (G, G), there is a natural surjective morphism of
pointed sets from Hi(Gu, N) to B(u).

Proof. With ® € Z} (G, G) having cohomology class p, it follows from §3.2 that
ker(rm}) is contained in the image of H} ;(Gs, N) under ¢}. By Corollary 3.4, this
kernel is naturally in bijection with B(u). The result now follows by noting that ¢}
maps the distinguished element of H} (G, N) to that of H} ;(Ge, G) and, in turn,
the map Fg from Proposition 3.3 maps the latter distinguished element to p. [

For pn € H) (G, G), let ® € Z} :(G,G) be a cocycle with cohomology class .
Using the notation of §2, consider the map Ag : G — Autqger(N) given by

Ag(0)(n) = Co(q)(n)

for all n € N. Recall that Cj, : N — N denotes conjugation by h € G; namely,
Cp(n) = h-n-h=! for all n € N. Since N is a normal in G, the image of Ag is
indeed in Autqer(IN). Furthermore, Ag is a definable cocycle from G to Autger(N).
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It is clearly definable and for o1,09 € G and n € N we have
Ag(0102)(n) = Co(0,0,) (1)

= @(0’10’2) n- (@(0’10’2))_1

= ®(01) - 01(®(02)) - 1+ (01(D(02))) "+ (B(01)) ™

= (1) - 01(Ca(az)) () - (B(01)) ™"

= Cq>(al)(01(c¢(az))("))

= Ao (01) - 01(Ae(02))(n).
Furthermore, if ¥ € Z (G, G) is cohomologous to ®, we have that Ay is coho-
mologous to Ag in Z}.;(G, Autacr(N)). Indeed, if b € G witnesses the fact that ¥
and ® are cohomologous, then conjugation Cj, € Autger(N) witnesses that Ay is
cohomologous to Ag.

We thus have a well defined map from H] (G, G) to H} (G, Autaer(IN)) map-
ping u to the cohomology class of Ag. By Proposition 2.4, this yields a map from
H}.:(G,G) to Faet(N) (the collection of A-forms of N up to A-definable isomor-
phism). For € H} (G, G) we denote the associated A-form of N by N,,. We note

that when G is abelian Ag is the trivial cocycle and so N, is definably isomorphic
to N over A.

We now state and prove the main result of this section.
Theorem 4.2. Let i € H} (G,G). Set N, to be the A-form of N associated to
W, as discussed above. Then, there is natural isomorphism of pointed sets between

the twisted cohomology H3 (G, N) and non-twisted cohomology H}.;(G,N,). Note
that the latter has coefficients in the A-form N,,.

Let f : N, — N be the definable isomorphism (over M) constructed in §2
(right before Proposition 2.4). We recall the construction of f to obtain an explicit
formula. Let ® € Z}.;(G,G) be a definable cocycle with cohomology class p. Let
a be a tuple from M and h(x,y) an A-definable function witnessing that ® is
definable; that is, ®(0) = h(a,0(a)) for all o € G. Recall that above we defined
Ag : G — Autger(N) by Ag(0)(—) = Cgp(0)(—) and showed it is a definable cocycle
from G to Autger(INV). It follows that

Ag(0)(=) = h(a,o(a)) - (=) - h(a,0(a)) ™"
In other words, if we set & to be the A-definable (partial) function

h(z,y,2) = h(z,y) - z - h(z,y) "
we get R
As(0)(—=) = h(a,0(a),—), foralloeg,
that is, a and iz(x, Y, z) witness that the cocycle Ag is definable. Now let Y be the
realisations of tp(a/A) in M, then

N,=({ xN)/R
where R is the equivalence relation
(b,d)R(c,e) <= h(bc,e)=d <= hbc)-e-hbe) ™t =d.
The group structure on N, is the one induced by

(b,d) * (c,e) = (b,d - h(b,c,e)) = (b,d - h(b,c) - e h(bc)™")
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for (b,c), (c,e) € Y x N. Finally, the function f: N, — N is given by

f(m) = h(a,7(a),n) = Aa(7)(n) = Car)(n)
where m is the R-equivalence class of (7(a),n) € ¥ x N. Recall that Y is the

Aut(M/A)-orbit of a, so every element in Y is of the form 7(a) for some 7 €
Aut(M/A).

The upshot is that now Theorem 4.2 is a consequence of the following lemma.
Lemma 4.3. Let f: N, — N be as above. Set
tf : Zéef(ga Nﬂ) - Zéef(glla N)
to be the map defined by t;(¥) = foW. Then, t; is a bijection. Furthermore, it
induces an isomorphism of pointed sets Ty : H3 (G, N,) = Hi;(Gu, N)

Proof. We first show that f commutes with the actions of G on N, and G,, on V;
that is, we prove that for 0 € G and m € N, we have

(4.1) fla(m)) = o x f(m).
Indeed, let m be the R-equivalence class of (7(a),n) € Y x N, by construction of
f we have (see discussion above)

f(m) = Co(n) and  f(o(m)) = Ca(or)(o(n)).
The latter follows as o(m) is the R-equivalence class of (o7(a),o(n)). Using this,
we get
o * (f(m)) = 0% (Co(r)(n))
= Ca(o) (7 (Car)(n)))
= Ca(0)Co(a(r)a(n)
= C@(UT)U(TL)
= f(o(m))
as desired.

Let U € Z}.;+(G,N,,). It follows from (4.1), as we have done in previous sections,
that f o U is a cocycle from G, to N. As f is a definable function, t;(¥) = fo ¥
is in fact in Zjef(g#, N). One can analogously consider f~! : N — N, and easily
argue that the map

tf71 : chief(gM7N) — Zéef(g’ NH)
given by t;-1(A) = f~ o A is the inverse of t;. Note here that one can use (4.1) to
argue that f~! commutes with the relevant actions.

It also follows from (4.1), as we have explicitly done in previous sections, that
ty induces a (well defined) map Ty : H};(G,N,) — H}(Gu, N). Clearly, since
f+ N, = N is a group homomorphism, the map ¢; maps the trivial cocycle
of Z3,+(G,N,) to that of Z}(G,,N). Thus, Tf maps distinguished element to
distinguished element. Furthermore, one readily checks that the induced map
Tp-1 : Hi4(Gu,N) — H}s(G,N,) is the inverse of Ty, and hence Ty is indeed
an isomorphism of pointed sets. O

Here is the promised finiteness result.

Corollary 4.4. If H}(G,G/N) is finite and H}.;(G,N,) is also finite, for all
w€ HLi(G,Q), then H: (G, G) is finite as well.
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Proof. Since H} (G, G/N) is finite, there are p1,...,pu € Hi;(G,G) such that

Hc}ef(g’ G/N) = {71-1(/"1)7 s 77T1(Mr)}-

Note that the 7'-fibre in HJ (G, G) over m*(u;) coincides with the (pointed) set
PB(pi) as defined above. By Lemma 4.1 and Theorem 4.2, this set is a homomorphic
image of the cohomology H} (G, N,,) where N, is the A-form of N associated to
;. By our assumption, the latter cohomology set is finite, and so the 7!-fibre in
H}.(G,G) over 7'(u;) is finite for all i = 1,...,r. It follows that Hl (G, G) is
finite. O

Remark 4.5.

(i) In the case when G is abelian the conclusion of the above corollary holds
under the assumption that Hi (G,G/N) and H} (G, N) are finite. This
follows immediately from Theorem 3.1 as in this case the cohomology se-
quence is an exact sequence of groups (and group homomorphisms).

(ii) In the context of classical (algebraic) Galois cohomology (see Example 1.3(1)),
the corollary is well known and appears in §6.4 of [8] and as Corollary 3 of
Proposition 39 Chapter I of [11]. It finds key application in §4 of Chapter
IIT of [11]. Our arguments are based on (but are somewhat simpler and
more explicit than) those appearing in [8] (cf. §1.3, §2.2, and §6.4 of this
reference).

(iii) In the context of Kolchin’s (differential) constrained cohomology (see Ex-
ample 1.3(ii)), the above corollary (which is not treated in Kolchin’s book [2]
or elsewhere, to the author’s knowledge) is used in [3, Lemma 2.6]. There,
a sketch of the argument is pointed out (for the differential case) leaving
details to the reader.

5. DIFFERENTIAL GALOIS COHOMOLOGY

In this section we complete the results on differential constrained cohomology
of differential algebraic groups over bounded, differentially large, fields from [3].
We also clarify a proof from [1] about the algebraic Galois cohomology of algebraic
groups over bounded fields.

For model-theoretic notions, differential algebraic notions and their inter-relations,
see the introductions to [3] and [7], and the various references there (such as Poizat’s
[9]). But we recall some key definitions: The field K (which we are assuming to
be of characteristic 0) is bounded or equivalently has Serre’s property (F), if K has
only finitely many extensions of degree n, for each n. A field K is said to be large
if whenever W is a K-irreducible variety with a smooth K-point, then V has a
Zariski-dense set of K-points. A differential field (K, ) is said to be differentially
large if K is large as a field, and for any differential field extension (L, d), if K is
existentially closed in L (as fields), then (K, d) is existentially closed in (L, d). We
will also be using notation from Example 1.3.

We will make use of a slight generalization or version of Corollary 4.4. So here
we are in the same general context as the previous section: M is a structure, A
a subset of the universe of M as in Assumption 1.1, G is a group definable in M
over A, N a normal subgroup of GG definable in M over A, w denotes the surjective
homomorphism G — G/N, and G = Aut(M/A).
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Corollary 5.1. Let r be any infinite cardinal. Suppose that |H3(G,G/N)| < K
and |H} (G, N,)| <k for all p € H}((G,G). Then |H};(G,G)| < k.

Proof. This has an identical proof as Corollary 4.4: choose p; for i < A < k such
that H};(G,G/N) = {r'(w;) : i < A\}. For each 4, the w'-fibre over 7'(u;) is the
image of H (}ef(g ,N,,;) under a suitable map, so has cardinality at most «, hence
H}.(G,G) has cardinality at most x. O

The following was proved in [1, Theorem 5.2], but some of the subtleties around
exact sequences of cohomology sets were overlooked. We take the opportunity to
give the proof again.

Proposition 5.2. Suppose the field K is bounded and G is any algebraic group
over K. Then HY(K,G) is countable.

Proof. The first point is to reduce to the case when G is connected. Let G be the
connected component of G. The exact sequence 1 — G® - G — G/G" — 1 of
algebraic groups over K induces an exact sequence

HY(K,Gy) - HY(K,G) - H'(K,G/G")

The last term, H'(K,G/G"), is finite by Proposition 8. Chapter III of [11]. Hence
by Corollary 5.1, H'(K,G) is countable if and only if H'(K, ,G") is countable
for all 4 € HY(K,G). Since every K-form of G° is connected, the reduction is
complete.

The Chevalley-Barsotti theorem (Theorem 16 of [10]) yields an exact sequence
1—- L — G — A — 1 of connected algebraic groups over K where L is linear and
A is an abelian variety. As shown in the proof in Theorem 5.2 of [1], H'(K, A)
is countable (as it coincides with H'(Ky, A) where Ky is a countable elementary
substructure of K). It is proved in [11] that H! (K, L) is finite for a connected linear
algebraic group L. Since every K-form of L is linear, each set H'(K, nL) is finite.
By Corollary 5.1, H(K, G) is countable. O

We now pass to differential algebraic groups over differential fields. As in [3] we
work with one derivation (so the ambient theory is DCFy), although everything
generalizes suitably to the case of a finite set A of commuting derivations (and
the corresponding theory DCFg,,). In [3, Theorem 4.1] we proved finiteness of
the differential constrained cohomology HA(K,G) when G is a linear differential
algebraic group over a bounded field K with (K, ) differentially large.

Here we aim towards proving:

Theorem 5.3. Suppose that K is bounded (as a field) and (K, ) is differentially
large. Then, for any differential algebraic group G over K, H}(K,G) is countable.

We will go through a few lemmas. For us, G will denote a differential algebraic
group over a differential field (K, d); equivalently, a group definable over K in a
differentially closed field (U, d) containing K. There is no harm in taking i to be
a differential closure K%/f of K.

Lemma 5.4. Suppose G is finite and K is bounded (as a field). Then HA(K,G)
s finite.
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Proof. We could consider G as an algebraic group and use Lemma 2.6(1) from [3]
which says that for G definable over K in the field language, H'(K, G) = H}(K,G)
and the former is finite by Proposition 8 of Chapter III of [11].

Alternatively, note that the finitely many points of G are in K9 so really
H}(K,G) = HY(Gal(K*9/K),G) which is finite by Proposition 8 of Chapter III
of [11] again. O

Lemma 5.5. Suppose that G has finite Morley rank, K is bounded as a field, and
(K, 0) is differentially large. Then, HA(K,G) is countable.

Proof. By the above lemma, together with Corollary 5.1, we may assume that G is
connected as a differential algebraic group, namely has no proper definable subgroup
of finite index.

This is an adaptation of Case 1 of the proof of Theorem 4.1 of [3]. We give
some details. First (cf. Remark 2.4(1) of [3]), G is definably over K isomorphic to
the “sharp points” or “0-points” of a connected algebraic 9-group (H,s) over K.
By a (connected) algebraic 0-group (H,s) over K we mean a connected algebraic
group H over K equipped with an extension of J to a derivation of the structure
sheaf of H; equivalently, a regular homomorphic section s (over K) of the surjective
homomorphism 7(G) — G of algebraic groups over K, 7 being the first prolongation
of G, which is a connected algebraic group over K as well as a torsor for the tangent
bundle T'(G) of G. The group (H, s)? is the definable (in the differential field K%/7)
over K group {a € H(K) : 9(a) = s(a)}. So we are assuming that G = (H, s).
Any definable over K principal homogeneous space (PHS) for G is of the form
(X,sx)? for some (algebraic) principal homogeneous space X over K for H, and
regular section sy over K for 7(X) — X such that for all h € H and =z € X,
sx(h-x) =s(h)-sx(x). (See Remark 2.2 and 2.3 of [3]). One of the main points
of [3, §3] is Corollary 3.3 there which says that: given also (Y,sy), if X and YV
are isomorphic over K as algebraic PHS’s for H, then (X, sx)? and (Y,sy)? are
isomorphic over K as definable (differential algebraic) PHS’s for G = (H, s)?.

It follows that the cardinality of H}(K, G) is at most the cardinality of H' (K, H)
which by Proposition 5.2 is countable as K is bounded. Recall that H' and H}
classify algebraic and differential algebraic PHSs [5]. O

Before completing the proof of Theorem 5.3 let us recall the “Manin maps” and
their properties (with precise references):

Fact 5.6. Let A be an abelian variety over K. Then there is a definable (over K)
surjective homomorphism p from A(U) to (U,+)?, where d is the dimension of A
as an algebraic group, such that ker(u) has finite Morley rank (and is connected).

Proof. A is an almost direct product of simple abelian varieties Aq, ..., A,, over
K, where simple means having no proper infinite algebraic subgroups. For each
i, there is by Fact 1.7 (ii) of [4] a definable (over K) surjective homomorphism p;
from A;(U) to (U, +) with ker(u;) connected of finite Morley rank, and where
d; = dim(A;). Then the j;’s induce the required p: A(U) — (U, +). (Namely we
have ®;u; : ®;4; — U?, which is 0 on the torsion elements, so induces uw:A—
ud.) O

We finish with the proof of Theorem 5.3.



MORE ON GALOIS COHOMOLOGY, DEFINABILITY AND DAGS 19

Proof of Theorem 5.3. We reduce to the connected case as in the beginning of
Lemma 5.5. Let G be our connected definable (over K) group. By Corollary
4.2 of [6], we may assume that G is a subgroup of G1(U) for some connected al-
gebraic group G over K. The Chevalley-Barsotti theorem mentioned earlier gives
an exact sequence 1 — L, — G; — A; — 1 of connected algebraic groups over K
where L is linear and A; is an abelian variety. Let L = G N Ly. So we obtain an
exact sequence 1 — L — G — A — 1 of differential algebraic groups over K, where
L=GNLi(U)and A C A;(U). Theorem 4.1 of [3] says that H}(K,L’) is finite
for any K-form L’ of L (as L’ will also be linear). So, by Corollary 5.1, it suffices
to prove that H3(K, A) is countable. Let u: A;(U) — (U?, +) be the Manin map
given by Fact 5.6. Then, restricting p to A gives an exact sequence of definable
over K groups
1—=ker(p)NA—-A—-N-—1

where ker(u) N A has finite Morley rank and N is linear.

By Lemma 5.5 (and 5.4), H3(K, ker(u) N A)) is countable, and the same holds
also for any K-form of ker(u)NA (as it also has finite Morley rank). By Theorem 4.1
of [3], HY(K, N) is finite. Hence, by Corollary 5.1, H}(K, A) is countable. O
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